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Abstract: Twistronics is studied intensively in twisted 2D

heterostructures and its extension to trilayer moiré struc-

tures has proven beneficial for the tunability of unconven-

tional correlated states and superconductivity in twisted

trilayer graphene. Just recently, the concept of twistron-

ics has been applied to plasmonic lattices with nontrivial

topology, demonstrating that bilayer moiré skyrmion lat-

tices harbor multi-skyrmion textures called skyrmion bags.

Here, we explore the properties of plasmonic trilayer moiré

superlattices that are created by the interference of three

twisted skyrmion lattices. More specifically, we explore

the properties of periodic superlattices and their topolog-

ical invariants. We also demonstrate that twisted trilayer

skyrmion lattices harbor the same skyrmion bags as twisted

bilayer skyrmion lattices. We quantify the robustness of

these skyrmion bags by the stability of their topological

numbers against certain disturbance fields that leads to

experimental designs for topological textures with maxi-

mum robustness.
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1 Introduction

Moiré patterns in atomic systems can be constructed by

stacked layers of van der Waals materials with a relative

twist and/or lattice mismatch. The moiré pattern modulates

the lattice periodically resulting in a superlattice demon-

strating a variety of strongly correlated phases. These

superlattices were studied intensively in twisted bilayer

graphene, where this enables superconductivity [1], cor-

related insulating states [2], and strange metal behavior

[3]. Recently, huge attention has also been drawn towards

trilayer moiré superlattices (TMSLs) such as twisted tri-

layer graphene [4]–[9], hexagonal boron nitride (h-BN)-

graphene heterostructures [10]–[12], and transition metal

dichalcogenide heterostructures [13]–[15]. The introduction

of a third layer modulates the bilayer moiré superlattice

and leads to long-range super-moiré patterns that are con-

trolled by the twist angle of the third layer. This new

twist angle adds more degrees of freedom and offers more

flexibility, e.g., to tune unconventional correlated states

and superconductivity in twisted trilayer graphene [4], [8],

[9], [16].

In optics, twisted bilayer photonic lattices have been

created using metasurfaces, metamaterials, and photonic

crystals [17]–[23]. However, trilayer photonic lattices have

so far only been realized to study the far field coupling of

a moiré nano particle lattice laser [24] with many remain-

ing aspects to be investigated. Here we focus on the topol-

ogy of trilayer twisted optical lattices with nontrivial topo-

logical features such as skyrmions [25]. These are three-

dimensional topological defects on a two-dimensional plane

that were observed first in solid materials [26]–[29] and

liquid crystals [30], [31]. Skyrmions were also demonstrated

in optics [32]–[35] and particularly in plasmonic systems

[36]–[38], where skyrmion lattices emerge through interfer-

ence of surface plasmon polariton (SPP)waves. Recently, the

concept of twistronics has been applied to such plasmonic

lattices in order to create plasmonic moiré skyrmion super-

lattices [39]. By investigating their topology, it was demon-

strated that they harbor skyrmion bags [28], [31], [40], which

are multi-skyrmion textures that consist of N skyrmions

contained within a skyrmion boundary of opposite winding
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number − 1. Their size is controllable by the twist angle

and the center of rotation, and they feature a degree of

robustness against deviations of the twist angle [39].

Here, we extend the concept of ‘plasmonic

twistronics’ to trilayer plasmonic skyrmion superlattices,

consisting of three twisted plasmonic skyrmion lattices. We

present numerical results of commensurate super-moiré

lattices with large periodicity and a super-cell with very

large topological charge. We discover that they feature

skyrmion bags of new shapes that are not possible to

realize in twisted bilayer skyrmion lattices. In addition to

these new bag textures, all skyrmion bags of the bilayer

system can be recreated using mirror-symmetric trilayer

skyrmion lattices. We demonstrated previously that bilayer

skyrmion bags possess a degree of topological robustness

against deviations of the twist angle [39]. This robustness

increases for smaller skyrmion bags that appear at larger

twist angles.

In the following, we present a method to quantify the

topological robustness of skyrmion bags by testing their

stability against perturbational fields. This allows us to

compare the skyrmion bag robustness in bilayer and tri-

layer moiré superlattices and determine the ideal twist

angles in these systems. Such a comparison of the topo-

logical stability is helpful when designing the ideal struc-

tures for experimental realizations. We demonstrate that

this general approach can also be used to compare the

robustness of different topological textures and assess their

chance of a successful experimental implementation. Our

results extend the toolbox of plasmonic twistronics and

provide a valuable method to determine topological tex-

tures in wave systems with high topological stability. These

textures might find subsequent application in structured

light–matter interactions.

2 Plasmonic trilayer moiré

skyrmion superlattices

Plasmonic lattices can be excited by specific coupling struc-

tures that are etched into a single crystalline gold flake using

ion beam lithography [36], [41], [42]. A laser pulse incident

on such grooves in a metal surface generates charge excita-

tions on their edges, from where SPP waves are launched

and propagate towards the center of the structure. The

interference pattern of these plasmon waves can exhibit

different topological features in their electric field vectors

[36], [41] and their spin angular momentum vectors [37],

[42]–[44] that are controlled by the shape of the coupling

structure and the resulting propagation direction and phase

shift of the SPPs [45]. In the case of a hexagonal coupling

structure, a plasmonic skyrmion lattice can be generated

[36]. Plasmonic skyrmion lattices exhibit a six-fold symme-

try [42], reminiscent of two-dimensional honeycomb lattices

in graphene, h-BN, or hexagonal TMDC monolayers. Moiré

lattices have been investigated intensively using these van-

der-Waals materials, and recent research has also been

directed towards twisted trilayer heterostructures, such as

twisted trilayer graphene.

Using such materials, TMSLs are created by stacking

three layers of a 2D lattice with a relative twist, as illustrated

in Figure 1a. Superimposing, the three layers results in a

super-moiré lattice as illustrated at the bottom. The moiré

twist angles 𝜙12 (𝜙23) between the consecutive lattices L1

and L2 (L2 and L3) are connected to the twist between L1

and L3 by 𝜙13 = 𝜙12 + 𝜙23.

In optics, and specifically in plasmonics, moiré lattices

are created by the interference of superimposed photonic

lattices with a relative twist. Here, we focus on plasmonic

trilayer moiré skyrmion lattices that are created by the

interference of three twisted skyrmion lattices. The corre-

sponding coupling structure is composed of three twisted

hexagons, with each hexagon contributing a skyrmion lat-

tice with different orientation. The three hexagons are com-

bined into a coupling structure which consists of 18 line

(a) (b)

(c)

Figure 1: Plasmonic super-moiré skyrmion lattices. (a) Super-moiré

lattice created by three hexagonal lattices with relative twist 𝜙12 between

the first and second lattice (L1 and L2) and 𝜙23 between the second and

third lattice (L2 and L3). In plasmonics, the lattices are superimposed

in a single layer as illustrated at the bottom. (b) Corresponding coupling

structure of a super-moiré skyrmion lattice. The coupling structure

consists of three tilted hexagons, generating three skyrmion lattices with

relative twists. (c) Schematic Fourier decomposition of a moiré skyrmion

superlattice, where the colors originate from the boundaries in (b) and

the lattice colors in (a).
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segments. The coupling structure is illustrated in Figure 1b,

where the three colors of the boundaries illustrate the origin

of the boundaries from the three hexagons. The excitation

of SPPs from all boundaries with the same efficiency is real-

ized by using circularly polarized light. This creates a phase

shift between SPPs that are launched from boundaries with

different orientation, as a result of spin–orbit coupling [45].

To regain constructive interference in the center of the

structure, this phase shift is compensated by adjusting the

positions of the boundaries akin to an Archimedean spiral.

The Fourier decomposition of the resulting skyrmion TMSL

electric field distribution in Figure 1c highlights the six-fold

symmetry of the three skyrmion lattices and their hexago-

nal excitation boundaries, as well as the moiré twist angles

between them.

Bilayer moiré superlattices possess long-range aperi-

odic order and are hence quasicrystalline [9], [46] for gen-

eral twist angles. Nonetheless, periodic bilayer structures

can be obtained using specific twist angles that rotate a

lattice site of one layer onto a lattice site of the other layer.

The corresponding commensurability in six-fold symmetry

has been first derived for twisted bilayer graphene [47],

[48] and can be denoted by the integers m and n with the

corresponding mapping

ma1 + na2 → na1 +ma2, m, n ∈ Z, (1)

as illustrated in Figure 2a and b. These angles have recently

also beenutilized to create periodic plasmonic bilayermoiré

skyrmion superlattices [39]. In the case of three layers, the

moiré pattern is defined by setting two out of the three twist

angles {𝜙12, 𝜙23, 𝜙13}. This effectively creates two bilayer

moiré patterns that are combined to a more complex super-

moiré pattern. Periodicity of the TMSL is achieved by choos-

ing both individual twist angles to be bilayer commensurate

angles that fulfill the moiré mapping equation (1) [5], [49],

[50]. With this approach, a family of super-moiré skyrmion

lattices are generated and depicted in Figure 2c–g with

their associated superlattice vectors. Mathematical details

about the commensurability and the resulting superlattice

period are included in the supplement. The electric field

distributions are derived assuming infinitely long bound-

ary lines enabling the approximation of the SPP wave as

a plane wave. This approximation results in an infinitely

large field of view allowing the periodicity to be clearly

φ12=φ23=13.17°, φ13=26.35°

φ12=21.79°, φ23=6.01°, φ13=27.80° φ12=9.43°, φ23=3.74°, φ13=13.17°

φ12=φ23=21.79°, φ13=43.57°(a)
(c) (d)

(e) (f) (g)
φ12=13.17°, φ23=8.61°, φ13=21.79°

φ

r=n-m a1a2

t1

t2 φ

ma1+na2 na1+ma2

(b)

-1 0 1 10λ
Re Ez (a.u.) 

Figure 2: Periodic plasmonic super-moiré skyrmion lattices. (a) Periodic bilayer superlattices are created by mapping the lattice site na1 + ma2 to

ma1 + na2 using the twist angle 𝜙. (b) Moiré superlattice and superlattice vectors t1 and t2 for the rotation 𝜙 indicated in (a). In the case of three

twisted lattices commensurability is achieved if the twist angles 𝜙12 and 𝜙13 are both such bilayer commensurate angles. (c–g) Exemplary periodic

trilayer moiré skyrmion superlattices and their superlattice vectors. The superlattice unit cells are surrounded by dashed lines.
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observed. In practice, the field of view is limited by the

size of the structure and the duration of the excitation

pulse.

3 Topological properties of trilayer

moiré skyrmion superlattices

Weanalyze the local topology of the TMSLvector fields using

the skyrmion number density

s = 1

4𝜋
ê ⋅

(
𝜕ê

𝜕x
× 𝜕ê

𝜕y

)
, (2)

where ê = E(r, t)∕‖E(r, t)‖ is the unit vector of the SPP elec-
tric field. The skyrmion number or topological charge is

defined as S = ∫
𝜎
s dA, where 𝜎 is the local region in which

the topology is examined. In skyrmion lattices each unit cell

consists of a skyrmion with S = 1. Analogously, the super-

lattice unit cells of bilayer [39] and trilayer skyrmion moiré

superlattices possess a well-defined topological charge that

can become very large for large periodicities of the superlat-

tice. These topological charges are rigorously defined by the

moiré superlattice and can therefore be used to characterize

its topology. All topological charges of the super unit cells

of Figure 2 are listed in Table 1. These values differ from

the total number of skyrmion lattice sites that are contained

in the super unit cell. This is because the twisted skyrmion

lattices are superimposed in a single plane, which leads to

an interference of these lattices. The interference canmerge

multiple skyrmions of different lattices to single elongated

skyrmions. This decreases the total topological charge and

gives rise to new topological features in the moiré super-

lattice such as skyrmion bags. Skyrmion bags have been

identifiedfirst in liquid crystals and chiralmagnets [28], [31],

Table 1: Calculated skyrmion numbers in super unit cells of trilayer

moiré superlattices. The commensurate twist angles 𝜙12, 𝜙13 and 𝜙23

are denoted using the coprime integersm and r as explained in the main

text. Counting the number of skyrmions of the individual lattices that

are contained in the super unit cell yields Sindividual layers. However,

in the moiré superlattice the three lattices are superimposed within

a single layer, which leads to an interference of the lattices. The resulting

overlap of skyrmions decreases the observed skyrmion number

of the superlattice unit cell to Sunit cell.

𝝓 (
◦) 𝝓 (

◦) 𝝓 (
◦) Sindividual layers Sunit cell

21.79 (1, 1) 43.57 21.79 (1, 1) 49 25

13.17 (2, 1) 26.35 13.17 (2, 1) 361 139

21.79 (1, 1) 26.80 (2, 3) 6.01 91 31

13.17 (2, 1) 21.79 (1, 1) 8.61 133 61

9.43 (3, 1) 13.17 (2, 1) 3.74 703 211

[40] andhave recently beendiscovered in plasmonic twisted

bilayer skyrmion lattices. They represent multi-skyrmion

configurations, where N skyrmions with S = 1 are enclosed

within a larger skyrmion. This surrounding skyrmion has

oppositely oriented field components and therefore S = −1.
Consequently, the total topological charge of a skyrmion bag

is Sbag = N − 1.

In moiré skyrmion lattices, skyrmion bags are created

through the interference of overlapping skyrmions. This

interference creates a closed loop with positive out-of-plane

field component. The size of the loop is dependent on the

twist angle and the rotation center and encloses a cluster

of N individual skyrmions, thus forming the skyrmion bag.

Likewise, the cluster skyrmions are also composed of multi-

ple overlapping skyrmions. However, their displacement is

typically not large enough for them tomerge with neighbor-

ing skyrmionswhich iswhy they form elongated skyrmions.

The skyrmion number of the cluster can be obtained by inte-

grating the skyrmion number density using an integration

boundary that is set along the edge of the non-rotated unit

cells (red dashed line of Figure 3e). For the full skyrmion bag

the integration boundary can be set along the positions of

the surrounding overlapping skyrmions (black dashed line

of Figure 3e).

These skyrmion bags can be observed in and around

the center of the superlattice unit cells of Figure 2. Addition-

ally, trilayermoiré lattices give rise to skyrmionbag textures

which contain other skyrmion bags (see Figure 2e–g) and

therefore have new topological charges that may not be

possible to achieve in the bilayer system.

All skyrmion bags of the twisted bilayer skyrmion lat-

tices can also be realized in the trilayer system using a

mirror-symmetric structure with 𝜙12 = 𝜙23. With such an

approach, the smallest skyrmion bags are numerically cal-

culated and depicted in Figure 3. As in the bilayer sys-

tem, a change of the center of rotation is related to a

changed symmetry of the super-moiré pattern and can be

used to realize skyrmion bags of additional sizes. The three

different rotation centers P1, P2, and P3 are marked in

Figure 3a–c.

4 Robustness of skyrmion bags

in twisted bilayer and trilayer

skyrmion lattices

The skyrmion bags of Figure 3 are generated by the interfer-

ence of three skyrmion lattices instead of two as in Ref. [39].

This is illustrated by the markers in Figure 3e that indicate

the positions of the skyrmions of the individual lattices. It
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(a)

λ

φ12=φ23=17°, r. c.: P1, N=1 φ12=φ23=17°, r. c.: P2, N=2 φ12=φ23=17°, r. c.: P3, N=3 φ12=φ23=12°, r. c.: P2, N=4
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(b) (c) (d)

(e) (f) (g) (h)

-1 0 1
Re Ez (a.u.) 

Figure 3: Skyrmion bags in super-moiré skyrmion lattices comprising (a) 1, (b) 2, (c) 3, (d) 4, (e) 7, (f) 10, (g) 12 and (h) 19 skyrmions. Skyrmion bags

in twisted trilayer skyrmion lattices with mirror-symmetric twist angles 𝜙12 = 𝜙23. The size of the skyrmion bags is controlled by these twist angles

and the rotation centers (r. c.). The three rotation centers P1, P2 and P3 are indicated by the orange markers in (a), (b), and (c), respectively.

In (e), the position of the skyrmions of the three skyrmion lattices are indicated by the markers and the integration boundary of the skyrmion bag

(the cluster within the bag) is indicated by the black (red) dashed line.

can be recognized that the skyrmions of the cluster within

the bag are created by three instead of two overlapping

skyrmions that form a more elongated single skyrmion.

Additionally, the surrounding bag skyrmion with S = −1, is
created by the interference of 3∕2 times more skyrmions
and is therefore more homogeneous than in twisted bilayer

skyrmion lattices. In the following, we illustrate that this

increased overlap improves the stability of some skyrmion

bags, enabling the choice of the ideal coupling structure

to achieve a certain topological texture with maximum

robustness.

We quantify the robustness of a topological texture

by its ability to preserve its topological numbers when

a disturbance field is applied. Here, the disturbance

field consists of 50 SPP plane waves with randomly

distributed amplitude, phase, propagation constant,

and propagation direction (see Supplementary for

details). It is important to note that the propagation

constants are chosen to be normally distributed around

the propagation constant of the initial field with only a

small standard deviation. This is because perturbating

waves with other propagation constants could be easily

removed via Fourier filtering. Using a perturbation of

this kind, the total field in the structure is given by

E = E0 + g
Mean(‖E0‖)
Mean(‖EV‖)EV

, where g is a dimensionless

parameter that scales the perturbational field E
V

in

relation to an initial field E0.

First, we apply the disturbance with g = 0.45 on the

field that is created by bilayer and trilayer structures of a

skyrmion bag with N = 7 (see Figure 3e). Two exemplary

disturbed vector fields are illustrated in Figure 4a and b. A

schematic Fourier decomposition is depicted in Figure 4c,

where contributions of the initial and disturbance field are

colored in purple and orange, respectively. The perturbated

field of Figure 4a represents a deformed skyrmion bag with

the same topological numbers of the full skyrmion bag

Sbag and the skyrmion cluster within the bag Scluster. For

the derivation of these topological numbers, the integra-

tion boundary of the skyrmion number density is set along

the black and red dashed lines of Figure 4a which follow

themaximumandminimumout-of-plane field components,

respectively. The unchanged topology implies that the per-

turbated field of Figure 4a can be created by a continuous

deformation of space from the skyrmion bag of Figure 3e.

This is not the case for the perturbated field of Figure 4b

which is why this field distribution possesses different topo-

logical numbers. Visually the difference can be identified by
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Figure 4: Skyrmion bag robustness. (a, b) Disturbed electric field distribution of the skyrmion bag with N = 7 (see Figure 3e). The disturbed field in (a)

has the correct (preserved) topology and the disturbed field of (b) has an incorrect (changed) topology. (c) Exemplary Fourier decomposition of the

disturbed skyrmion bag. Initial and disturbed field components are colored in purple and yellow, respectively. (d, e) Robustness of the skyrmion bag

with N = 7 in twisted (d) bilayer and (e) trilayer skyrmion lattices against perturbations in the form of (c). The robustness is defined as the proportion

of fields that preserve their topology when the random disturbance is applied. The robustness is presented for initial fields that are calculated using

the Huygens approach and in the plane wave approximation.

noticing that two of the cluster skyrmions havemerged. This

changes the topological numbers to Scluster = 6 and Sbag = 5.

Using perturbational fields with other random parameters,

the topology might also be changed by skyrmions of the

cluster that are connected to the surrounding bag skyrmion,

by a splitting of the skyrmions that otherwise overlap

to create the bag skyrmion, or by flipped in-plane field

components.

With the help of such random disturbance fields, we

quantify the robustness of skyrmion bags by the propor-

tion that preserves its topological numbers Sbag and Scluster
after application of the random perturbation. Using this

approach, we can compare the robustness of skyrmion bags

in twisted bilayer and mirror symmetric trilayer skyrmion

lattices. The robustness is plotted in Figure 4d and e as

a function of the twist angles. This analysis is conducted

for initial fields that are calculated using two different

methods. In the plane wave approach, the field is calculated

using simple interference of SPP plane waves in the limit

of infinitely large coupling structures, while in the other

case the field is calculated for the exact coupling structure

(as in Figure 1b), also considering damping of the SPPs (see

Supplementary for details). We note that the comparison

between Huygens simulations and plane wave simulations

is also important when extending the skyrmion concept

from plasmonics to water waves. While the Huygens sim-

ulation suits well the plasmonics experiments, the plane

wave approximation might be well suited for water waves

due to less damping, hence longer propagation lengths and

much larger boundary structures fromwhere thewaves are

emitted.

From the results of Figure 4d and e it can be con-

cluded that the trilayer skyrmion bag of sizeN = 7 is slightly

more robust than the bilayer skyrmion bag against field
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disturbances that are considered in this approach. In par-

ticular, the results show an increase in the robustness from

(52± 1)% to (60± 1)% for the exact SPP structure and to

(68.5± 1)% for the plane wave interference. The robustness

of the exact structure is slightly lower than in the plane

wave approach. This is a result of field deviations of the

initial field that are attributed to the smaller length of the

individual boundaries. In addition to the optimum number

of boundaries, we can also derive the ideal twist angles to

create the skyrmion bag with optimized robustness which

is around 16.75◦ in the bilayer and 9.25◦ in the trilayer

case.

In the supplementary information we present the

resulting robustness of skyrmion bags comprising 1, 2, 4, 10,

12, 14, and 19 skyrmions as a function of their twist angles.

From these results we obtain the ideal twist angles of the

bilayer and trilayer structures (see Table S1). Using these

ideal angles, it is now possible to compare the robustness

of the different skyrmion bags.

The results are illustrated in Figure 5 for the plane

wave and Huygens wave calculation of the initial field.

In general, it is noticed that smaller skyrmion bags of

the same rotation center have a higher degree of topo-

logical stability that stretches over a larger range of twist

(a)

(b) (c)

Figure 5: Comparison of skyrmion bag robustness. (a) Comparison of the robustness of all different skyrmion bags of Figure 3. In the inset,

the robustness is presented for perturbational fields with lower amplitude to compare the robustness of topologically more unstable skyrmion bags.

(b, c) Robustness of skyrmion bags and a skyrmion lattice of seven skyrmions as a function of the disturbance strength g. The results are shown for

initial fields that are calculated using the plane wave approximation (b) and the Huygens approach (c). Bilayer and trilayer coupling structures are

distinguished by the markers, while the colors correspond to the size of the skyrmion bags.
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angles. For different rotation centers, the topological sta-

bility varies, which is noticed directly when comparing

the robustness of skyrmion bags with N = 1, 2, and 3.

Additionally, smaller skyrmion bags have a larger robust-

ness for trilayer structures, while bilayer structures show

higher robustness for larger skyrmion bags. Using a tri-

layer structure the displacement of skyrmions is increased,

which has two effects. The surrounding bag skyrmion with

S = −1 becomesmore homogeneous, which is beneficial for
the topological robustness. However, the cluster skyrmions

become more elongated, which leads to a more likely over-

lap of the cluster skyrmions, especially for large skyrmion

bags. In total this leads to trilayer structures being superior

for small skyrmion bags and inferior for large skyrmion

bags.

In Figure 5b and c the robustness of skyrmion bagswith

N = 1, 2, 3, and 7 are shown as a function of the disturbance

strength g. For weak disturbances, the field textures exhibit

a high robustness close to 1, which underlies the stability

of the topology in this regime. At a disturbance strength,

which is specific to each topological feature and its coupling

structure, the robustness starts to decay and reaches vanish-

ing values withinΔg ≤ 0.3. Lastly, we also want to compare

the robustness of skyrmion bags to the robustness of seven

skyrmions in the center of a skyrmion lattice, which is also

displayed in Figure 5b and c. For g = 0.45 the robustness

of the skyrmion lattice is calculated to (35.5± 1)% for the

Huygens simulation and (51.5± 1)% for the plane wave sim-

ulation of the initial fields and is therefore comparable to

the robustness of a skyrmion bag with N = 7. This shows

that our method can not only be used to optimize coupling

structures but also enables the comparison of different topo-

logical features and can therefore be used to assess their

chances of a successful experimental realization.

5 Outlook

Our findings provide valuable insights for the measure-

ment of twisted trilayer superlattices and skyrmion bags

formed through the interference of plasmonic-like waves.

This extends to systems such as phonon polaritonic sur-

face waves [51], acoustic waves [52], and water wave sys-

tems [53], [54]. In these contexts, the theoretical framework

can be adapted by replacing the surface plasmon polariton

waves of the initial and perturbed fields with the corre-

sponding wave types specific to these systems.

In magnetism, skyrmions are formed by electron

spin, resulting in topological stability associated with an

energy barrier determined by spin interactions. In contrast,

skyrmions in optics, plasmonics, and other surface wave

systems are not protected by such energy barriers in the

absence of light–matter interactions that preserve topo-

logical invariants. This distinction has fueled the ongoing

debate about the robustness of skyrmions in these systems

[32], [35], [55], [56]. Nevertheless, topology in these systems

is not without benefit and holds promise for applications in

structured light–matter interactions, high-resolution opti-

cal microscopy and metrology, and quantum technologies.

A deeper understanding of topology-induced robustness

against perturbations is therefore essential for advancing

these applications. Our analysis represents a foundational

approach to quantitatively study and compare the robust-

ness of topological textures. Themethod is simple, versatile,

and extendable to other systems where topological features

also arise from wave interference.
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